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Sensitivity of ray dynamis in an underwater sound hannel to vertial sale of
longitudinal sound-speed variations
D.V. Makarov,
∗
M.Yu. Uleysky, and M.Yu. Martynov
V.I.Il'ihev Pai Oeanologial Institute
of the Russian Aademy of Sienes,
690041 Vladivostok, Russia
We investigate sound ray propagation in a range-dependent underwater aousti waveguide. Our
attention is foused on sensitivity of ray dynamis to the vertial struture of a sound-speed per-
turbation indued by oean internal waves. Two models of longitudinal sound-speed variations are
onsidered: a periodi inhomogeneity and a stohasti one. It is found that vertial osillations of a
sound-speed perturbation an aet rays in a resonant manner. Suh resonanes give rise to haos
in ertain regions of phase spae. It is shown that stability of steep rays, being observed in exper-
iments, is onneted with suppression of resonanes in the ase of small-sale vertial sound-speed
osillations.
PACS numbers: 05.45.A; 05.40.Ca; 43.30.+m; 92.10.Vz
I. INTRODUCTION
In reent two deades exponential divergene of ray
trajetories with an infinitesimal differene in initial on-
ditions, namely ray haos [1, 2, 3, 4, 5℄, stands as a top-
ial problem in underwater aoustis. Pratial sense of
studying ray dynamis under haoti onditions is mainly
dealed with the hydroaoustial tomography  monitor-
ing of the oean using sound signals [6, 7, 8, 9, 10, 11℄.
Ray haos raises diffiulties in extrating an information
about environment from data of long-range aoustial ex-
periments using the traditional shemes of the tomogra-
phy. Extreme sensitivity of haoti rays to initial on-
ditions sets the preditability horizon on ray motion.
Furthermore, ray haos leads to multiplying of eigen-
rays and auses breakdown of the ray perturbation the-
ory at long ranges [12, 13, 14℄. Nowadays development
of effiient tomographial methods seeks the detailed de-
sription of ray haos and its manifestations in wavefield
struture with the goal to obviate posed restritions, if
it is possible. The helpful feature in this way is sur-
prising stability of the early portion of a reeived pulse.
This phenomenon was observed in a number of experi-
ments realized by NPAL group (see [15℄ and referenes
therein), for instane, in the well-known AET experiment
[16℄. The numerial simulation of ray propagation in the
AET environment shows that harateristi Lyapunov
exponents of steep rays are less signifiantly than those
of near-axial ones [17℄. Suh a piture indiates sup-
pressing of diffusion in the range of large values of the
ation variable and strong haos in the range of small
ones. However, if the internal wave field is modeled as
a sum of horizontal modes only, the range small values
of the ation orresponds to stable motion [18℄. The pri-
mary goal of the present work is to examine a role of
vertial sound-speed variations in ray properties. The
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most attention is paid to the model of a waveguide with
a deterministi periodi perturbation of a sound-speed
profile. Although this model is idealisti, it yields a sim-
ple desription of haoti dynamis in the framework of
the KAM (KolmogorovArnoldMoser) theory. The ase
of the stohasti perturbation is also onsidered to make
our researh more omplete.
The paper is organized as follows. In Setion II we de-
sribe briefly the model of a sound-speed profile, whih
we used in numerial experiments. Setion III is devoted
to analysis of ray dynamis with a periodi spatial inho-
mogeneity of a waveguide. The sensitivity of ray prop-
agation to the vertial sale of a perturbation is exam-
ined by omputing Poinare setions and timefronts of a
reeived pulse. Setion IV is onerned with ray propa-
gation in a stohastially inhomogeneous waveguide. In
Setion V we summarize and disuss our results. The
Appendix ontains the exat expressions for the ation
angle variables whih was introdued for the model of an
unperturbed waveguide.
II. MODEL OF A WAVEGUIDE
Consider a two-dimensional aousti waveguide in the
deep oean with the sound speed c being a smooth fun-
tion of the depth z and the range r. One-way sound ray
trajetories satisfy the anonial Hamilton equations
dz
dr
=
∂H
∂p
,
dp
dr
= −∂H
∂z
, (1)
with the Hamiltonian
H = −
√
n2(z, r) − p2, (2)
where n = c0/c(z, r) is the refrative index, c0 is some
referene sound speed, p = n sinφ is so-alled ray mo-
mentum, and φ is ray grazing angle. As sound speed
hanges slightly with depth, i. e. |c(z, r) − c0|/c0 ≪ 1,
2one permits to rewrite the Hamiltonian (2) in the parax-
ial (smallangle) approximation
H = −1 + p
2
2
+
∆c(z)
c0
+
δc(z, r)
c0
, (3)
where ∆c(z) = c(z)−c0, δc(z, r) is a sound-speed pertur-
bation along a waveguide, δc
max
≪ ∆c
max
. It is learly
seen from (3) that ray propagation in a range-dependent
underwater sound hannel is equivalent to motion of a
nonlinear osillator driven by an external fore. Aord-
ing to this analogy, a sound-speed profile plays role of a
potential well, p is the analog to mehanial momentum,
and r is the timelike variable.
In Ref. [18, 19, 20℄ we have introdued the realisti
model of a bakground sound-speed profile
c(z) = c0
[
1− b
2
2
(µ− e−az)(e−az − γ)
]
, 0 ≤ z ≤ h,
(4)
where γ = exp(−ah), µ = 1.078, a = 0.5 km−1, b =
0.557, h = 4.0 km is the depth of the oean bottom,
c0 = c(h) = 1535 m/s.
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FIG. 1: Sound-speed proles at the range R = 0: a) without
perturbation, b) kz = 2pi/1.0 km
−1
, ) kz = 2pi/0.2 km
−1
.
For onveniene we introdue the quantity E = 1 +
H(ε = 0) whih we assign as the energy of ray osilla-
tions in a waveguide. Rays, propagating in the waveg-
uide (4) over long distanes, an be partitioned into two
lasses aording to the value of E. The first lass orre-
sponds to those rays whih don't reah neither the sur-
fae nor the bottom. For these rays E < Er, where Er
is given by
Er =
b2
2
(1− µ)(1 − γ). (5)
Rays, propagating with refletions from the surfae but
without an interation with the lossy bottom, relate to
the seond lass. In this ase energy satisfies to the in-
equality Er ≤ E < 0. Rays with E ≥ 0 reah the oean
bottom. Just as we onsider the long-range sound propa-
gation, number of the refletions from the bottom is large
enough and, therefore, these rays annot survive in the
waveguide over long distanes and should be eliminated.
Consequently, we an define the phase trajetory of the
ray with E = 0 as the separatrix of unperturbed mo-
tion. As energy E isn't an invariant along the trajetory
in a rangedependent waveguide, rays an transfer from
one lass to another. Whenever E beomes larger than
zero, the ray reahes the bottom and esapes from the
waveguide. Ray esaping is losely onneted to trans-
port properties of phase spae [21, 22℄. In ertain ases
the portion of esaping rays enables to evaluate the rate
of diffusion in phase spae [20℄. In addition to that, we
note that ray esaping takes plae in waveguides having
various physial nature, for instane, a similar effet is
observed for the lasing modes in the haoti dieletri
miroavities [23℄.
For the unperturbed problem we are able to to redue
the ray equations to a more onvenient form in terms of
anonial ationangle variables [4, 5, 24℄. The respetive
transformation is the following
I =
1
2pi
∮
p dz, ϑ =
∂
∂I
z∫
z0
p dz. (6)
The exat analytial expressions for the ationangle
variables and for the inverse transition to the variables
(pz) are presented in the Appendix. The ation vari-
able I measures the steepness of the ray and is equal to
0 for the purely horizontal ray. Besides that, the ation
determines the mode the ray orresponds to by means
the Bohr-Zommerfeld quantization rules
k0Im =


m+
1
2
, 0 ≤ E < Er,
m− 1
4
, Er ≤ E < 0,
(7)
where k0 = 2piΩ/c0 is wavenumber of the propagating
wave, Ω is the areer frequeny. The angle variable ϑ
serves as a phase of ray osillations in a waveguide.
The ray equations in terms of the ation-angle vari-
ables are written as follows
dI
dr
=− 1
c0
∂(δc)
∂ϑ
,
dϑ
dr
=
2pi
D
+
1
c0
∂(δc)
∂I
,
(8)
where the sound-speed perturbation δc is expressed as a
funtion of I and ϑ, and D is the ray yle length (ray
double loop). The ray yle length in the waveguide (4)
is given by the formulas
D =


2pi
ab
√
µγ − 2E/b2 , E ≤ Er(
pi + 2 arcsin
µ+ γ − 2µγ + 4E/b2
Q
)
ab
√
µγ − 2E/b2 , E > Er.
(9)
3As it is shown from Fig. 2, D inreases with inreasing E
from 37 km to 55 km [18℄. Sine the derivative dD/dE
has two isolated zeroes near E = Er, the system of non-
linear oupled equations (1) is loally degenerate. Suh
systems are known to exhibit haoti behavior even un-
der infinitesimal perturbations [5℄.
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FIG. 2: The yle length of the ray path D versus the energy
E of ray osillations in the unperturbed waveguide.
In aordane with Fermat's priniple, ray arrival time
to a point R along a waveguide is alulated with the help
of the Lagrangian L
t =
1
c0
R∫
0
Ldr =
1
c0
R∫
0
(p2 −H) dr. (10)
At suffiiently long ranges, R/D ≫ 1, the Lagrangian L
may be onsidered as a funtion of the ation
L(I) = 2pi
I
D(I)
−H0(I). (11)
Following to (10), ray arrival time to the point R along
a range-dependent waveguide is given by
t =
R
c0
〈L(I)〉, (12)
where 〈. . .〉 means averaging over r.
III. PERIODIC SOUND-SPEED
PERTURBATION
A. Theoretial analysis
In this setion we onsider the periodi sound-speed
perturbation given in the form
δc(z, r)
c0
= εV (z) cos (krr + kzz), (13)
where ε≪ 1 and V (z) is a smooth funtion playing role
of an envelope of sound-speed variations. In numerial
experiments we use the following expression for V (z)
V (z) =
z
B
e−2z/B, (14)
where B = 1 km. The sound-speed perturbation (13) in
terms of the ation-angle variables reads
δc(z, r)
c0
= εV (I, ϑ) cosΦ (15)
where the phase Φ = krr+ kzz varies along the ray path
with the angle-dependent spatial frequeny
dΦ
dr
= k(I, ϑ) = kr + kzp(I, ϑ). (16)
The funtion V (I, ϑ) an be deomposed into the Fourier
series over the yli variable ϑ
V (I, ϑ) =
∞∑
m=1
Vm(I) cosmϑ. (17)
Then the ray equations (8) take form
dI
dr
=
ε
2
(∑
m
mVm(sinΨ
−
m + sinΨ
+
m)+
+
kzp
ω
∑
m
Vm(sinΨ
+
m − sinΨ−m)
)
,
(18)
dϑ
dr
=ω +
ε
2
(∑
m
Vm
dI
(cosΨ−m + cosΨ
+
m)−
− kz
∑
m
Vm
∂z
∂I
(sinΨ−m + sinΨ
+
m)
)
,
(19)
where ω = 2pi/D and Ψ±m = mϑ± krr ± kzz(I, ϑ). The
stationary phase onditions dΨ±m/dr ≃ 0 imply the first
order nonlinear resonanes
mω(I)− kr − kzp(I, ϑ) ≃ 0, (20)
mω(I) + kr + kzp(I, ϑ) ≃ 0. (21)
We intent to investigate how interrelation between dif-
ferent length sales of a perturbation influenes the rays.
Three qualitatively different regimes of ray motion an
be separated aording to the ratio of kz and kr:
1) |kzpmax| ≪ kr;
2) |kzpmax| ≃ kr;
3) |kzpmax| ≫ kr,
where p
max
is the ray momentum at the hannel axis.
The first regime orresponds to a horizontal sound-
speed perturbation (see, for instane [3, 4, 18, 25℄). In
this ase the resonant ondition is the simplest
mω(I = I
res
) = lkr, (22)
4where l and m are integers. The ation of a ray under
a resonane (22) osillates with range. These osillations
are desribed by the universal Hamiltonian of nonlinear
resonane [4, 26℄
Hu = m
(
1
2
∣∣ω′I(Ires)∣∣ (∆I)2 + ε|Vm| cosΨ−m
)
, (23)
where ω′I(Ires) = dω(Ires)/dI, ∆I = I − Ires. The width
of an isolated resonane in terms of the spatial frequeny
of a ray trajetory is approximately estimated as
∆ω
max
= |ω′I |∆Imax = 2
√
ε|ω′I |Vm, (24)
where∆I
max
is the width of the resonane in terms of the
ation variable. In aordane with (12), if the distane
between the soure and the reeiver is large ompared
with the period of ation osillations, all the rays, being
aptured in a given resonane, have lose arrival times.
Consequently, sharp peaks and gaps arise in distribution
of ray arrival times at a reeiver [18, 25, 27℄.
In aordane with Chirikov's riterion [26℄, global
haos arises if
∆ω
max
δω
≃ 1, (25)
i. e., if two nonlinear resonanes, entered at ω and ω +
δω, overlap. Those resonanes that overlap slightly form
islands in phase spae, areas of stable ray motion in the
haoti sea. The distane between the resonanes of the
m-th and m + 1-th orders in terms of spatial frequeny
is equal to
δω =
k
m
− k
m+ 1
≃ ω
2
k
∝ D−2, (26)
and dereases rapidly with inreasing D. Hene haoti
properties of rays under a horizontal sound-speed pertur-
bation depend on the shape of the unperturbed profile
defining the funtion D(E) [28℄.
Under the seond regime the ondition (21) an be
satisfied, that orresponds to apturing a ray into the
resonane with vertial osillations of a sound-speed per-
turbation. This phenomenon is similar to the wave
partile resonane [29, 30℄. Hereafter we will all this
sort of resonanes as vertial resonane. Vertial reso-
nane arises at some fixed point where the ray momen-
tum is equal to
p
res
(I) = −mω(I) + kr
kz
. (27)
Define the µ-viinity of a given ray as a small region
along a ray trajetory, where the detuning of vertial
resonane doesn't exeed some small value µ, i. e.
|∆| = |mω + k| = kz|p− pres| ≤ µ. (28)
Influene of vertial resonane depends on how long the
ray passes through the µ-viinity, Consequently, the
maximal influene is expeted, when the µ-viinity in-
ludes the hannel axis where dp/dr = 0 and p = max.
Therefore, vertial resonane affets mainly those rays
whih obey to the equation
p
max
(I) = −mω(I) + kr
kz
. (29)
If ω is small ompared with kr and one takes into a-
ount that the Fourier amplitudes Vm deay rapidly with
growth ofm, the resonant ondition (29) has the simplest
form
p
max
(I) =
kr
kz
=
λz
λr
. (30)
Interplay of vertial and usual horizontal (i. e. relating
to the ondition (22)) resonanes distorts resonant tores
[29℄. Suh a distortion an enfore lose resonanes to
overlap, that auses emergene of global haos.
Under the third regime behavior of nearaxial and
steep rays is qualitatively different. A perturbation
auses strong distortion of the sound-speed profile near
the hannel axis, and the derivative dω/dI vanishes in
the range of small values of the ation, that is a suffiient
ondition of haos of near-axial rays [31℄. Furthermore,
fast depth osillations of a perturbation lead to our-
rene of mirohannels near the waveguide axis, and in-
stability is amplified by irregular jumps of rays from one
mirohannel to another.
On the other hand, fast osillations of a perturbation
along steep rays an be eliminated using the averaging
tehnique and, therefore, the problem an be redued to
the integrable one [24, 30, 32℄. The averaging tehnique
the spatial frequeny ω to be small ompared with |k|.
Certainly, this ondition doesn't hold near the refrative
ray turning points where k = 0 (under refletions from
the surfae |p| 6= 0 and k an be large enough). In these
regions influene of horizontal resonane (22) has to be
taken into aount. Nevertheless, the size of the reso-
nant region, being estimated as ∆p ∼ k−1z , is small for
large kz . Moreover, it an be shown that the impat of
horizontal resonane eases with inreasing kz. Let us
rewrite the range-dependent term in the Hamiltonian in
the form
H1 = V (I, ϑ) exp[ikzz(I, ϑ) + ikrr] + . .. (31)
Then we get Fourier-expansion of the funtion z(ϑ)
z(ϑ) = z0 +
∞∑
n=1
zn cosnϑ, (32)
and substitute it into the equation (31). Leaving the
superior term with n = 1 only, we an represent (31) in
the form
H1 = Veff exp(ikrr) + . ., (33)
where V
eff
is expressed in terms of the Bessel expansion
V
eff
= V (I, ϑ) exp(ikzz0)
∞∑
l=−∞
ilJl(kzz1) exp(ilϑ). (34)
5Aording to (24) and (33), the resonant response of a
ray an be expressed as
∆I ∼
√
V
eff
. (35)
In the limit kzz1 → ∞ the Bessel funtions have the
asymptotis
Jl(kzz1) ∼ 1√
kzz1
. (36)
Therefore, the resonant response ∆I dereases with in-
reasing kz as k
−1/4
z .
Thus the riterion of appliability of the averaging
tehnique an be formulated in the following way: in-
equalities ∣∣∣∣dVdz
∣∣∣∣≪ |kzV | , ω ≪ kz |p|, (37)
must be satisfied for that range of the depth, where the
funtion V (z) differ onsiderably from 0. The first in-
equality in (37) infers insignifiane of resonanes along
the trajetory. The seond one requires the ray momen-
tum to be large enough. The averaging tehnique redues
the ray equation written as
d2z
dr2
= − 1
c0
(
d(∆c)
dz
− d(δc)
dz
)
. (38)
into the smoothed form
d2z
dr2
= − 1
c0
(
d(∆c)
dz
− Mˆ
[
d(δc)
dz
])
, (39)
where Mˆ is some averaging operator. In the viinity of
the hannel axis the spatial frequeny k varies slowly and
the averaged term in (39) an be expressed as follows [33℄
Mˆ
[
d(δc)
dz
]
=
ε2k2zV
2k2
dV
dz
. (40)
B. Numerial simulation
The Poinare map is known as an effiient method
to separate stable and unstable rays in the underlying
phase spae. We onstruted Poinare maps in the polar
ation-angle oordinates with different ratios of kz and
kr. The result is demonstrated on Fig. 3. kz varies from
0 to 2pi/0.2 km−1, while kr is hosen to be of 2pi/10 km
−1
for all omputations. Other parameters of the perturba-
tion have the following values: ε = 0.0025 and B = 1 km.
When kz is very small or equal to zero, ray dynamis
is predominantly regular (Fig. 3a). Chaos ours only in
the isolated haoti layer near I = I(Er), where nonde-
generay violates. Nevertheless, inlusion of even slow
vertial osillations broaden the haoti layer greatly,
that is shown in Fig. 3b. The so-alled haoti sea
emerges and haoti diffusion in phase spae beomes
unbounded and global. The haoti sea is rarely filled by
points due to strong ray esaping. Suh amplifiation of
ray esaping is indued by vertial resonane (30) whih
affets espeially the steep rays satisfying the ondition
[34℄
|p
max
(I)| = λz
λr
= 0.2. (41)
With further inreasing kz the most steep rays exhibit the
transition haos  stability. It is shown in Fig. 3, where
the Poinare map for the ase of kz = 2pi/1.0 km
−1
is de-
pited. Now the haoti sea is separated into two parts,
the internal layer and the external one (Fig. 3). Both
these layers are restrited by invariant urves. Complete
stabilization of the steep rays takes plae in the ase of
kz = 2pi/0.2 km
−1
(Fig. 3d). With that, the internal
haoti layer oupies entirely the range of small values
of the ation.
In Fig. 4 fragments of three ray trajetories with kz,
varying from 2pi/2.0 km−1 to 2pi/0.2 km−1, are shown.
Initial onditions and other parameters of the sound
hannel are the same for all trajetories. All the rays
are launhed from the hannel axis with the same start-
ing momentum p(r = 0) = 0.03. The ray with kz =
2pi/2.0 km−1 is ompletely stable, that is in agreement
with Fig. 3b. In the ase of kz = 2pi/1 km
−1
the ray
belongs to the internal haoti layer and, therefore, is
haoti (this ase orresponds to Fig. 3), but its irregu-
lar behavior is not so apparent, as that of the ray with
kz = 2pi/0.2 km
−1
. In the latter ase the elevating
effet takes plae  the ray, being trapped into a mi-
rohannel near the lower turning point, leaves it only
near the upper turning point. The ation of an elevated
ray insreases appreiably.
The qualitative desription, being provided by the
Poinare maps, enables to explore the properties of the
wave field in the time  depth plain at a reeiver, the so-
alled timefront. Timefronts were the main measurable
harateristis in the reent long-range experiments [15℄.
Chaoti dynamis of rays leads to divergene of their
trajetories and, therefore, arrival times of haoti rays
with lose launhing angles an be very different. Besides
that, topology of the Poinare maps (Fig. 3) shows that
only the rays with ertain values of the ation perform
haoti motion, whereas the rest part of phase spae or-
responds to stable rays. Therefore, arrival time spreading
is signifiant only in some finite segments of a timefront
of a reeived pulse.
We omputed timefronts with different values of kz.
Eah timefront is modeled as superposition of arrivals
of 50000 rays started from the hannel axis. The ini-
tial momentum p is uniformly distributed in the interval
[−p
max
: p
max
], where p
max
= p(E = 0) ≃ 0.22. The
timefronts for kz = 0 and kz = 2pi/0.2km
−1
are pre-
sented in Fig. 5. In the ase kz = 0 the time spreading is
weak. There are two prominent gaps and densely filled
region amid them in arrival pattern, those orrespond to
6FIG. 3: Poinare map in the polar normalized ationangle variables: a) kz = 0, b) kz = 2pi/2 km
−1
, ) kz = 2pi/1 km
−1
, d)
kz = 2pi/0.2 km
−1
. Ix = (I/Is) cos ϑ, Iy = (I/Is) sinϑ, Is = I(E = 0).
FIG. 4: Ray trajetories with dierent values of vertial
wavenumber of the perturbation kz. All the rays are launhed
from the axis of the waveguide with one and the same starting
momentum p(r = 0) = 0.03
the horizontal resonane with l = 1 and m = 5. Suh
gaps are absent in the ase of kz = 2pi/0.2km
−1
, that
is onneted with suppressing of horizontal resonane in
the regime of fast vertial osillations of a sound-speed
perturbation. In this ase the final portion of the pulse is
haoti and unresolved, that is a onsequene of strong
haos of near-axial rays with small values of the ation.
IV. RANDOM SOUND-SPEED
PERTURBATION
Internal waves in the deep oean are known to have
ontinuous spetrum and must be onsidered rather as
a stohasti proess than a deterministi one. So the
following question arises: in what extent results of the
previous setion an be referred to aousti propagation
in a randomly perturbed sound hannel? Our goal now is
to investigate how ray dynamis depends on the vertial
sale of random longitudinal sound-speed variations.
In the present setion we onsider the sound-speed per-
turbation given in the form
δc(z, r) = εc0
z
B
e−2z/Bξ(z, r), (42)
where a random funtion ξ(z, r) is expressed as
ξ(z, r) = cos
[
pi
(
ue−vz +
√
2Aξ ξ˜(r)
)]
ξ˜(r), (43)
where A = 1, v = 1 km−1 and ξ˜(r) is a random funtion
with normalized first and seond moments〈
ξ˜(r)
〉
= 0,
〈
ξ˜2(r)
〉
=
1
2
. (44)
7FIG. 5: Timefront of a reeived pulse at the range 1000 km
in the periodially perturbed waveguide: a) kz = 0, b) kz =
2pi/0.2km−1.
A funtion ξ˜(r) is modeled as a sum of 10000 randomly-
phased harmonis with wavenumber distributed in the
range from 2pi/100 km−1 to 2pi/1 km−1. Spetral density
of ξ˜(r) deays with k as k−2. Single realizations of the
perturbation with u = 5 and u = 20 are presented in
Fig. 6.
We integrated numerially the ray equations with the
parameter u varying from 5 to 20. Figure 7 represents
the ray ation at the range 1000 km as the funtion of the
starting ation I0. In the ase of slowly varying vertial
struture with u = 5 (upper plot) haotiity grows grad-
ually with inreasing I0. Flat rays don't perform extreme
sensitivity to initial onditions and dependene is ontin-
uous in the range of small I0. Isolated ontinuous piees
belong to bundles formed by stable or weakly haoti
rays with lose launhing angles and onverging travel
times, namely oherent lusters [18℄. Coherent lusteri-
zation is a sort of ooperative effets in randomly-driven
nonlinear Hamiltonian systems [35℄. Creation of oher-
ent lusters results from the resonant interation of un-
perturbed ray motion with low-frequeny omponents of
a random perturbation. In point of fat oherent lusters
an be onsidered as ounterparts of islands of stability.
Continuous piees melt with inreasing I0 and the de-
pendene I(I0) beome almost irregular, that attests ray
divergene and haos.
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FIG. 6: Sound-speed perturbation vs depth: a) u = 5, b)
u = 20.
In spite of the ase u = 5 there are no any remarkable
oherent lusters in the ase of u = 20. The dependene
I(I0) is haoti for all values of the starting ation. It
should be noted that the region of small values of the
ation is more fuzzy than the region of large ones. More-
over, spreading of values of the ation depends slightly
on I0 for steep rays, that implies homogeneous haoti
diffusion. Aording to Virovlyansky [36, 37℄, if ray dif-
fusion in phase spae is homogeneous and an be treated
as a Wiener proess, early arrivals are expeted to be
well-resolved. This statement is onfirmed by the time-
fronts omputed with u = 5 and u = 20 (Fig. 8). If
u = 5 (upper plot) all the arrivals are well resolved, but
their distribution is nonuniform: oherent lusters, look-
ing as onentrations of plotting points with extremely
small time spreading, alternate with rarely filled regions.
On the other hand, all the timefront branhes are fuzzy
in the ase of u = 20. Time spreading, however, abates
with dereasing the arrival time and is less than distane
between neighboring branhes in the early portion of the
pulse. Loations of branhes and the envelope of a time-
front in the early portion are oinide with ones for the
unperturbed problem. As long as these harateristis
an be onsidered as marks of environment, those are
relevant for the long-range aousti thermometry [16, 38℄
or monitoring of the large-sale oean variability [39℄.
8FIG. 7: Ray ation at the range 1000 km as a funtion of its
initial value in the randomly perturbed waveguide. a) u = 5,
b) u = 20.
The stability of early portion of a reeived pulse an be
larified in the same way as that it has done in the ase of
the periodi perturbation in the Setion III. Correlation
length of sound-speed variations along a ray path is given
by the formula [40℄
L =
[
1− p2
L2r
+
p2
L2z
]−1/2
, (45)
where Lr and Lz are the horizontal and the vertial or-
relation length sales of sound-speed variations, respe-
tively. If Lz is small enough, orrelation length is ex-
pressed as L = Lz/p and, therefore, is minimal for steep
rays. Thus, if the riterion (37), being expressed as
∣∣∣∣dVdz
∣∣∣∣≪ |kzV | , ω ≪ |p|Lz , (46)
is satisfied, fast osillations of the perturbation suppress
eah other and diffusion in phase spae weakens, that re-
veals itself in diminishing time spreads in the early por-
tion of a reeived pulse.
FIG. 8: Timefront of a reeived pulse at the range 1000 km
in the randomly perturbed waveguide: a) u = 5, b) u = 20.
V. SUMMARY AND DISCUSSION
In the present paper we have investigated in what man-
ner stability of rays in an underwater sound hannel de-
pends on the vertial sale of a sound-speed inhomogene-
ity indued by internal waves. The main result is that
fast depth osillations of a sound-speed perturbation an
lead to stability of the steep rays forming early portion
of a reeived pulse in experiments. We found that a ray
an be aptured in resonane with vertial sound-speed
variations, whih we all as vertial resonane. If the
length sale of vertial variations is large enough, verti-
al resonane enfores strong haos and esaping of steep
rays.
Our results rely on the ray approximation without re-
ferring to the pulse harateristis, but we suggest that
they an be worthwhile for understanding some features
of the propagation of a monohromati aousti wave.
This suggestion is mainly based on the results presented
in the reent paper [41℄, there the task of the ray/wave
method orrespondene was studied. As was reported
in [41℄, improving of ray preditions requires to smooth
those features of internal wave fine struture, whih have
vertial length sale less than the threshold of wavefield
responsibility defined by the formula
λ
min
=
c0
Ω tanφ
max
, (47)
9where Ω is the areer frequeny and tanφ
max
is the maxi-
mal grazing angle. For Ω = 75 Hz this sale of roughly of
110 m. On the other hand, we have found ray dynamis
to be very sensitive to the fine struture of the internal
wave field, that implies the arrival pattern to hange with
varying frequeny. For instane, the early portion of a
reeived pulse an lose stability at very low frequenies,
when the threshold given by (47) is large. This seems
to assoiate the anomalous low-frequeny sound attenu-
ation [42℄ with strong ray esaping.
However, there are many questions onerning stru-
ture of late arrivals. First, λ
min
is large enough for flat
rays, so they are expeted to be insensitive to the small
vertial features of the bakground sound-speed profile.
Seond, it is impossible to use geometrial aoustis to
desribe the propagation along the axis of a waveguide
due to multiple austis [43℄. On the other hand, forming
of oherent ray lusters should explain the well-resolved
oherent late arrivals whih were observed at 28 Hz in the
AST experiment [44℄. So the following question arises:
in what extent ompliated struture of the arrival final
is linked with ray haos? This topi will be aim of our
future researh.
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Appendix
The ation variable for the rays with E < Er is given
by the formula
I =
b
a
(
µ+ γ
2
−
√
µγ − 2E
b2
)
. (48)
The respetive expression for the angle variable is the
following
ϑ = ±pi
2
∓ arcsin µ+ γ − (2µγ − 4E/b
2) eaz
Q
, (49)
where the quantity Q is given by the formula
Q =
√
(µ− γ)2 + 8E
b2
. (50)
The upper and the lower signs in (49) orrespond to the
ase of p > 0 and to the ase p ≤ 0, respetively. The
ation and the angle for surfae-boune rays are given by
the following formulas
I =
p(z = 0)
pia
+
b
a
(
µ+ γ
4
− µ+ γ
2pi
×
× arcsin µ+ γ − 2
Q
− pi − θr
pi
√
µγ − 2E
b2
)
, (51)
ϑ =
pi
pi − ϑr
[
pi
2
− ϑr−
− arcsin µ+ γ − (2µγ − 4E/b
2) eaz
Q
]
, p ≥ 0,
ϑ =
pi
pi − ϑr
[
pi
2
+
+ arcsin
µ+ γ − (2µγ − 4E/b2) eaz
Q
]
, p < 0. (52)
In (51)(52) we used the notation
ϑr =
pi
2
− arcsin
[
µ+ γ − 2µγ + 4E/b2
Q
]
. (53)
Under refletions, the ray momentum is given by the
formula
p(z = 0) =
√
2E − b2(µ− 1)(γ − 1). (54)
The inverse transformation for the rays, propagating
without refletions from the surfae, is expressed as fol-
lows
z(I, ϑ) =
1
a
ln
a2b2 (µ+ γ −Q cosϑ)
2ω′2
, (55)
p(I, ϑ) =
ωQ sinϑ
a (µ+ γ −Q cosϑ) , (56)
where
ω′(I) =
ab (µ+ γ)
2
− a2I. (57)
The quantity ω′ oinides with spatial frequeny of ray
osillations ω for the rays propagating without refletions
from the surfae. Position and momentum of the surfae-
boune rays are expressed as follows
z(I, ϑ) =
1
a
ln
a2b2
[
µ+ γ +Q cos
(
pi−ϑr
pi (ϑ+ pi)
)]
2ω′2
,
− pi ≤ ϑ ≤ 0,
z(I, ϑ) =
1
a
ln
a2b2
[
µ+ γ −Q cos (pi−ϑrpi ϑ+ ϑr)]
2ω′2
,
0 ≤ ϑ ≤ pi.
(58)
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p(I, ϑ) =
ω′Q sin
(
pi−ϑr
pi (ϑ+ pi)
)
a
[
µ+ γ +Q cos
(
pi
pi−ϑr
(ϑ+ pi)
)] ,
− pi ≤ ϑ ≤ 0,
p(I, ϑ) =
ω′Q sin
(
pi−ϑr
pi ϑ+ ϑr
)
a
[
µ+ γ −Q cos (pi−ϑrpi ϑ+ ϑr)] ,
0 ≤ ϑ ≤ pi.
(59)
[1℄ A.V. Chigarev and Yu.V. Chigarev, Akust. Zh. 24, 765
(1978) [Sov. Phys. Aoust. 24, 432 (1978)℄.
[2℄ S.S. Abdullaev and G.M. Zaslavsky, Zh. Eksp. Teor.Fiz.
80, 524 (1981) [Sov. Phys. JETP. 53, 265 (1981)℄.
[3℄ D.R. Palmer, M.G. Brown, F.D. Tappert, and
H.F. Bezdek, Geophys. Res. Let. 15, 569 (1988).
[4℄ S.S. Abdullaev and G.M. Zaslavsky, Usp. Fiz. Nauk 161,
1 (1991) [Sov. Phys. Usp. 34, 645 (1991)℄.
[5℄ M.G. Brown, J.A. Colosi, S. Tomsovi, A.L. Virovlyan-
sky, M.A. Wolfson, and G.M. Zaslavsky, J. Aoust.
So. Am. 113, 2533 (2003).
[6℄ W.H. Munk and C. Wunsh, Deep-Sea Res. 26, 123
(1979).
[7℄ J.L. Spiesberger, J. Aoust. So. Am. 77, 83. (1985).
[8℄ J.L. Spiesberger J.L., J. Geophys. Res. 96. 4869 (1991).
[9℄ V.A. Akulihev, V.P. Dzyuba, P.V. Gladkov,
S.I. Kamenev, and Yu.N. Morgunov, in Theoretial and
Computational Aoustis, edited by Er-Chang Shang,
Qihu Li, and T.F. Gao (World Sienti, Singapore,
2002).
[10℄ R.C. Spindel, J. Na, P.H. Dahl, S. Oh, C. Eggen,
Y.G. Kim, V.A. Akulihev, and Yu.N. Morgunov, IEEE
J. Oean. Engin. 28, 297 (2003).
[11℄ V.A. Akulihev, V.V. Bezotvetnykh, E.A. Voitenko,
S.I. Kamenev, A.P. Leont'ev, and Yu.N. Morgunov,
Aoustial Physis 50, 493 (2004).
[12℄ K.B. Smith, M.G. Brown, and F.D. Tappert, J. Aoust.
So. Am. 91, 1939 (1992).
[13℄ K.B. Smith, M.G. Brown, and F.D. Tappert, J. Aoust.
So. Am. 91, 1950 (1992).
[14℄ F.D. Tappert and Xin Tang, J. Aoust. So. Am. 99, 185
(1996).
[15℄ P.F. Worester and R.C. Spindel, J. Aoust. So. Am.
117, Pt. 2, 1499 (2004).
[16℄ P.F. Worester, B.D. Cornuelle, M.A. Dzieiuh,
W.H. Munk, B.M. Howe, J.A. Merer, R.C. Spindel,
J.A. Colosi, K. Metzger, T.J. Birdsall, and A.B. Bag-
geroer, J. Aoust. So. Am. 105, 3185 (1999).
[17℄ F.J. Beron-Vera, M.G. Brown, J.A. Colosi, S. Tomso-
vi, A.L. Virovlyansky, M.A. Wolfson, and G.M. Za-
slavsky, J. Aoust. So. Am. 114, 1426 (2003); e-print
arXiv:nlin.CD/0301026.
[18℄ D.V. Makarov, M.Yu. Uleysky, and S.V. Prants, Chaos
14. 79 (2004); e-print arXiv:nlin.CD/0306056.
[19℄ D.V. Makarov, S.V. Prants, and M.Yu. Uleysky, Doklady
Earth Siene 382, 106 (2002).
[20℄ D.V. Makarov, Nonlinear dynamis of rays in a range-
dependent underwater sound hannel, Ph.D. dissertation
[in Russian℄ (V.I.Il`ihev Pai Oeanologial Institute,
Vladivostok, 2004).
[21℄ J.D. Meiss, Chaos 7. 139 (1997).
[22℄ M.V. Budyansky, M.Yu. Uleysky, and S.V. Prants, Phys-
ia D 195. 369 (2004); e-print arXiv nlin.CD/0208032.
[23℄ Soo-Young Lee, Sungwan Rim, Jung-Wan Ryu,
Tae-Yoon Kwon Muhan Choi, and Chil-Min Kim,
Phys.Rev.Lett. 93. 164102 (2004); e-print
arXiv:nlin.CD/0403025 (2004).
[24℄ L.D. Landau and E.M. Lifshitz, Mehanis (Pergamon,
London, 1976).
[25℄ I.P. Smirnov, A.L. Virovlyansky, and G.M. Zaslavsky,
Phys. Rev. E 64, 1 (2001).
[26℄ B.V. Chirikov, Phys. Rep. 52, 265 (1979).
[27℄ D.V. Makarov, M.Yu. Uleysky, and S.V. Prants,
Teh.Phys. Lett. (2003).
[28℄ F.J. Beron-Vera and M.G. Brown, J. Aoust. So. Am.
114, 123 (2003); e-print arXiv:nlin.CD/0208038.
[29℄ A.L. Lihtenberg and M.A. Lieberman, Regular and
Stohasti Motion (Springer, New York, 1992).
[30℄ G.M. Zaslavsky, Physis of Chaos in Hamiltonian Sys-
tems (Aademi Press, Oxford, 1998).
[31℄ D.V. Makarov and M.Yu. Uleysky, Proeedings of the
X-th L.M. Brekhovskikh`s Conferene [in Russian℄ 134
(2004).
[32℄ S. Rahav, I. Gilary, and S. Fishman. Phys. Rev. A 68,
013820 (2003).
[33℄ M.Yu. Uleysky. Study of statistial properties of haoti
nonlinear osillations in Hamiltonian systems, Ph.D. dis-
sertation [in Russian℄. (V.I.Il`ihev Pai Oeanologial
Institute, Vladivostok, 2005).
[34℄ M.Yu. Uleysky and D.V. Makarov, to be published in
Proeedings of the XVI-th Session of Russian Aoustial
Soiety (2005).
[35℄ D.V. Makarov, M.Yu. Uleysky, M.V. Budyansky and
S.V. Prants, e-print arXiv:nlin.CD/0507010 (2005).
[36℄ A.L. Virovlyansky, J. Aoust. So. Am. 113, 2523 (2003).
[37℄ A.L. Virovlyansky, Izv. VUZ.Radioz. 146, 555 (2003).
[38℄ P.N. Mikhalevsky, A. Gavrilov, and A.B. Baggeroer.
IEEE J.Oean.Engin. 24, 183 (1999).
[39℄ D.V. Makarov, M.Yu. Uleysky, and M.Yu. Martynov.
Proeedings of the XV-th Session of Russian Aoustial
Soiety 140 (2004).
[40℄ M.G. Brown and J. Viehniky, J. Aoust. So. Am. 104,
2090 (1999).
[41℄ K.C. Hegewish, N.R. Cerruti, and S. Tomsovi, 117,
Pt. 2, 1582 (2004); e-print arXiv:physis/0312150 (2003).
[42℄ R.A. Vadov, Aoustial Physis 46, 544 (2000).
[43℄ N.S. Grigorieva, G.M. Fridman, and D.R. Palmer.
J. Comp.Aoust. 12, 355 (1999).
11
[44℄ K.E. Wage, M.A. Dzieiuh, P.F. Worester, B.M. Howe,
and J.A. Merer. 117, Pt. 2, 1565 (2004).
